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The FOIzllRAm statement X # 193./71. - 2721./1001. has a true value 
of 0.00002814~. -, but a single-precision FORTRAN computation (27 bit 
fraction) yields 0.281.333923-04 (using an E14.8 output FORMAT) due to 
loss of Significance when subtracting. When the number of significant 
digits is questionable, the same problem may be run in both single and 
double precision. This is inconvenient because existing programs must 
be modified and because dou3le precision requires twice as much storage 
space. 
for keeping track of the amount of significance in floating-point num- 
b q s  by representing them in unnormalized form. 
in ordinary FORTRAN-IV, and the significance operations implemented by 
w e  of the ALmR feature of the loader. 
of significance arithmetic are discussed. A 
We have implemented a simple alternative due to Max Goldstein 
Programs may be written 
Some problems and applications 
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a INTRODUCTION 
Meaningless d i g i t s  come in to  a numerical ca lcu la t ion  from four  
sources : 
1. 
2.  
3 .  
4. 
The 
e r ro r s  i n  the  input data, 
numbers going out of range (or  sp i l l i ng ) ,  
roundoff i n  the  ar i thmetic  operations, 
loss  of s ignif icance when subtract ing numbers 
with similar value o r  adding numbers of 
similar magnitude and opposite s ign .  
presence of meaningless d i g i t s  i n  t h e  f i n a l  r e s u l t s  i s  of ten  not obvious 
from a s u p e r f i c i a l  inspection, and rmny a spurious d i g i t  has found i t s  way 
from a numerical ca lcu la t ion  in to  t h e  l i t e r a t u r e .  
proposed t o  keep t r ack  of t he  number of s ign i f i can t  d i g i t s  i n  t h e  r e s u l t s .  
(For explanation, we w i l l  r e f e r  t o  t h e  number of accurate  d i g i t s ,  even 
though t h e  ca lcu la t ion  i s  performed on a binary computer. 
understood t h a t  one d i g i t  of accuracy implies about 3.4 b i t s  of accuracy.)  
Some of these  methods a r e  mentioned b r i e f ly ,  but t he  scheme t h a t  w a s  used 
with t h e  IBM 7090/7094 FORTRAN-IV i s  considered i n  d e t a i l .  A few r e s u l t s  
using a s ign i f icance  t r ac ing  ar i thmetic  a r e  given. 
Many schemes have been 
It w i l l  be 
The simplest  s ignif icance t rac ing  scheme, i n  concept, i s  " in te rva l  
a r i thmet ic , "  i n  which each number i s  represented by a p a i r  of numbers 
equal t o  t h e  number's smallest  and l a r g e s t  possible  value.  
operat ion o r  inputjoutput operation transforms the  lower and upper bound 
so that t h e  r e su l t i ng  i n t e r v a l  is s u f f i c i e n t l y  wide t o  include the  true 
r e s u l t .  
t h e  lower and upper bound are accurate.  
va l  a r i thmet ic  is  t h a t  it requires two f loat ing-point  words t o  represent  
Every ar i thmetic  
In t e rva l  ar i thmetic  guarantees that a l l  the  d i g i t s  which agree i n  
The primary disadvantage of i n t e r -  
4 ’ *  
one number, which necess i ta tes  more storage space; a lso,  i t s  use tends 
t o  give pessimist ic  r e s u l t s  i n  a long computation, s ince f o r  each a r i t h -  
metic operation t h e  assumption i s  made t h a t  the  worst possible  lower and 
upper bound w i l l  r e s u l t .  
Other schemes have been suggested t o  o f f s e t  t he  pess imis t ic  f ea tu re  
of i n t e r v a l  ar i thmetic  by considering tendencies f o r  t he  accumulation of 
e r ro r s  over many operations.  Richtmeye? suggests an ar i thmetic  scheme i n  
which some d i g i t s  (or b i t s )  e x p l i c i t l y  car ry  t h e  number of s ign i f i can t  
d i g i t s .  Another type of ar i thmetic ,  discussed by Wadey,a computes t h e  
e r r o r  a t  each s t ep  as i f  the e r ro r s  of t h e  operands were independently 
s t a t i s t i c a l l y  d i s t r ibu ted .  This last  method involves a square-root opera- 
t i o n  a t  each s tep.  
The method t h a t  we selected t o  implement i s  based on an unnormalized 
f loat ing-point  number representat ion suggested by Ashenhurst and Metropolis3 
i n  which nwnbers a r e  car r ied  as f r ac t ions  t h a t  contain only s ign i f i can t  
d i g i t s  preceded by leading zero d i g i t s .  These f r ac t ions  and a corresponding 
exponent a r e  carr ied i n  a s ingle  IBM 7090/94 word. 
Although s ignif icance ari thrnetics can handle a l l  four  types of e r r o r  
mentioned above, our emphasis i s  only on t he  l o s s  of s ign i f icance  when two 
numbers of nearly equal s i z e  a r e  subtracted or when two numbers of near ly  
equal magnitude and opposite s ign a r e  added. 
known e r r o r s  i n  the  input da ta  e x p l i c i t l y  i n  t h e  program. 
input t runcat ion can s imi la r ly  be taken in to  account by augmenting t h e  
input e r r o r s  by a su i tab le  amount. 
easy-to-predict  a r i thmet ica l  e r r o r s  which a r e  inherent i n  a f i n i t e  computer. 
Our philosophy is  t o  t r e a t  
E r ro r s  due t o  
But  we a r e  s t i l l  l e f t  with t h e  not-so- 
I 
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. GOLDSTEIN IS RULES 
Goldstein* has described a s e t  of ru les  f o r  performing unnormalized 
ar i thmetic  on the  IBM 7090/94. 
spec ia l  modification i n t o  the  NYU Computing Center machine. 
These ru l e s  have been incorporated as a 
A spec ia l  
operating mode was provided i n  which the  ordinary f loa t ing-poin t  ar i thmetic  
ins t ruc t ions  were in te rpre ted  by the  hardware as unnormalized ins t ruc t ions .  
Standard f loat ing-point  representation was used, except t h a t  each number 
had j u s t  enough leading zeros i n  t h e  f r a c t i o n  t h a t  a l l  t h e  remaining b i t s  
were al leged t o  be s ign i f i can t .  Addition and subtract ion simply omitted 
t h e  usua l  normalization s tep .  Multiplication and d iv i s ion  gave the  same 
number of leading zeros as t h e  l e s s  accurate operand, a f t e r  which a 
f loat ing-point  round operation took place.  
In  unnormalized a r i thmet ic  the r e s u l t  c i t e d  i n  t h e  abs t r ac t  i s  
obtained as 
0.27183098E 01 
whereas the  co r rec t ly  normalized r e s u l t s  i s  0.2814087513-04. Zero must be 
t r e a t e d  a s  a spec ia l  case.  The ordinary 7090/94 zero is  an a l l - ze ro  word, 
but  it i s  possible  t o  obtain a s ignif icance zero a s  t h e  r e s u l t  of sub- 
t r a c t i n g  two equal numbers : 
0.34567893 -13 
This  "significance zero" implies t h a t  the  t r u e  r e s u l t  i s  l e s s  i n  magnitude 
than  O.OOOOOOOlE-l>, or . Mult ipl icat ion o r  d iv is ion  which involves 
one or  two "signif icance zero" operands must r e tu rn  an appropriate  r e s u l t .  
Thus (O.OOOOOOOOE-l3)*2 should have a value which implies t h a t  the  magni- 
t ude  i s  l e s s  than lo-*". 
I 
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The p r i ce  t h a t  one pays f o r  using an unnormalized ar i thmetic  i s  t h a t  . 
more s ignif icance is  l o s t  than when using comparable normalized ar i thmet ic .  
However, Goldstein has demonstrated t h a t  i n  most cases t h e  loss  of accuracy 
i s  not s ign i f i can t ly  worse than the  l o s s  t h a t  occurs i n  ordinary 7090/94 
FORTRAN arithmetic,  which ignores t h e  rounding operation. Compared with 
i n t e r v a l  ari thmetic,  unnormalized ar i thmetic  does not guarantee t h a t  a 
ce r t a in  number of d i g i t s  a r e  correct,  but t h e  r e s u l t s  w i l l  usua l ly  be 
correct  t o  within a few u n i t s  i n  the  last  s ign i f icant  d i g i t .  
FORTRAN IMPLEMENTATION 
The IBM 7090/94 F0R'I" 's  have b u i l t - i n  provision f o r  t h ree  types of 
f loat ing-point  ar i thmetic  : REAL, DOUBLkE PWCISION, and COMPLEX. The 
normal FORTRAN f loat ing-point  ar i thmetic  i s  biased or truncated, s ince a 
f loat ing-point  round operation i s  not ca l led  f o r .  It occurred t o  us t h a t  
it would be convenient t o  have inany d i f f e r e n t  types of ar i thmetic  ava i l -  
able .  In  addition t o  t h e  th ree  above, one might wish t h e  following: 
ROUNDED s ingle  precis ion a r i thmet ic  
RANDOM ROUNDED ar i thmetic  (using pseudo-randomly 
generated b i t s )  i n  order  t o  check s t a t i s t i c a l  
models of e r r o r  propagation 
INTERVAL ar i thmetic ,  e t c .  
as w e l l  as unnormalized SIGNIFICANCE ar i thmet ic .  It would be convenient i f  
t he  ar i thmetic  were implemented i n  a package of subroutines s o  t h a t  t h e  
type of ar i thmetic  could be changed without modification t o  the  source 
FORTRAN program. 
An easy solution f o r  single-word ar i thmet ic  i s  t o  hand-code FORTRAN 
FLTNCTION routines ADD, SUB, FMP, and D I V  t o  perform t h e  elementary opera- 
t ions .  But  t h i s  i s  somewhat inconvenient f o r  t h e  programmer, s ince an 
1 
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expression of t h e  forin 
becomes 
x = A*(B-C)/D 
x = DIV(MPY(A,SUB(B,C)),D) . 
It would be much more preferable t o  use t h e  ordinary symbols and have them 
in te rpre ted  i n  terms of t h e  desired ar i thmetic .  
Some FORTRAN compilers, such as t h e  CDC FORTRAN-63, provide a TYPE 
0- declaration, so t h a t  t r a n s f e r s  t o  a spec ia l  subroutine a r e  auto- 
mat ical ly  provided. One may achieve t h e  same e f f e c t  f o r  double-word 
ar i thmetic  i n  FORTRAN by declaring the  var iables  t o  be TYPE COMPLEX and by 
supplying hand-coded routines which have the  same name as the  COMPLEX 
rout ines  but which implement the  desired ar i thmetic .  
problem i n  the implementation of SIGNIFICANCE arithmetic is  t h a t  some way 
has t o  be provided f o r  t h e  number of s ign i f icant  d i g i t s  t o  be ascertained 
from t h e  output.  
An addi t iona l  
It has turned out t h a t  single-word auxi l ia ry  ar i thmetic  can be imple- 
mented very simply i n  FORTRAN-IV f o r  the 7090/94. 
ordinary ar i thmetic  operations and have them cor rec t ly  re interpreted,  one 
may redefine t h e  f loat ing-point  operations FAD, FSB, FDP, and FMP by means 
of MACRO d e f i n i t i o n s .  It i s  f i r s t  necessary t o  obtain an ASSEMBLY 
language l i s t i n g  of the  compiled program (or a PREST deck) and t o  reas-  
semble with the  MAC?O d.ef lni t ions i nc lwkd .  
PRFST deck from the F O R T "  compiler (IBFTC, version 9)  and u t i l i z e  the  
ALTER f e a t u r e  of the  input ed i tor  ( IEDIT)  t o  i n s e r t  the necessary MACRO'S. 
In order t o  use the  
Ir, cur versior;, we obttalil a 
I n  the  MACRO def ini t ion,  we included a switch which could be t e s t e d .  
If SWCH .a. 0.0, then the  ordinary FORTRAN ar i thmetic  was performed, 
8 
bu t  i f  S?(,TCH .NE. 0.9, 
With t h e  switch o f f ,  the  
increased by seven cycle 
execution time of t he  ordinary a r i thmet ic  was 
per  operation on the  7 0 9 .  To obtain easy acc 
t o  SWTCH by a l l  programs, it was placed i n  labeled COMMON. Thus f o r  
ordinary ar i thmetic  
C@MM@N /SC$M/ SWTCH 
SWTCH # 0.0 
C # A-B 
and f o r  s ignif icance ar i thmetic  
SWTCH # 1.0 
C # A-B 
One could use  addi t iona l  values of SWTCH, i f  desired,  t o  switch back and 
f o r t h  between severa l  d i f f e r e n t  types of a r i thmet ic .  
The following form was used f o r  the  r ede f in i t i on  MACRO'S so  t h a t  they 
could be used i n  conjunction with indexing and ind i r ec t  addressing:  
Assume t h a t  t he  F O R W  statement i s  A # B + C :  
ZFAD @SYN 
FAD MACRg 
NerP 
NZT 
TRA 
SXA 
TSX 
R AXT 
TRA 
Z F A P  
ENDM 
FAD 
x, y 
x, y 
S W C H  
*+5 
*+2,4 
SGADD, 4 
**, 4 
* + 2  
*-7 
FAD 
S q  THAT Q'RDINARY FAD CAN BE USED 
REPLACES @RIGINAL FAD I N  THE TEXT 
S@ THAT I F  X WERF: ** C@RRECT ADDRESS 
WgULD HAVE BEEN STgRED I N  PRgPER PLACE 
TRANSFER F ~ R  (~~RDINARY FAD 
PREPARE F$R TRANSFER TQ R@ITINE 
RESTgRE INDEX REGISTER 
NWL FAD PERFJ$R.MED WHEN SWTCH IS Qlm 
. 
. .  9 
The SGADD rout ine had the following form: 
SGADD 
FETCH 
RTN 
B 
C 
ENTRY SGADD 
B 
RTN, 4 SXA 
STA FETCH 
STT FETCH 
s@ 
CLA -4,4 
XEC 194 
CLA ** 
s@ C 
AXT M Y 4  
TRA 1Y4 
END 
SWMS mTURN IN@RMATI@N 
PICKS UP NJ6P X,Y 
STflRE3 ADDRESS 
AND ST#RFS TAG 
FXI@TELY EXECUTES INSTRUCTIfiN AT RZ 
T# REST#RE XR4 I N  CASE Y # 4 
PERFjdRMs FU%lUIRED SIGNIFICANCE 
ADDITI@N; LEAVES ANSWER I N  ACC. 
A MAP l i s t i n g  of t h e  ALTER deck and of the SIGNIFICANCE rout ines  i s  
given i n  the  appendix. These rout ines  follow Goldstein 's  rules except t h a t  
we did not bother with a cor rec t  round operation a f t e r  d iv is ion .  True zero 
(denoted by 0 )  and "significance zero" (denoted by 0.0) were t r e a t e d  as 
spec ia l  cases.  Figure 1 shows the r e s u l t s  of t h e  basic  a r i t hme t i ca l  opera- 
t i o n s  when e i t h e r  operand or both operands are zeros .  We make no claim for 
eff ic iency,  and would appreciate  being informed of f a s t e r  methods. 
Fortuitously,  t he  outputing of the  number of s ign i f i can t  d i g i t s  pre- 
s e n t s  no problem i n  7090/94 FORTRAN (I1 or I V ) .  
make the  BCD conversion so t h a t  the  riuinber of leading zeros i n  the  f r a c t i o n  
i s  preserved i f  an "E" type FORMAT i s  used. For example, an unnorinalized 
1.0 might p r i n t  out as 0.00100000E 03 with an E14.8 FORMAT. 
The input/output rout ines  
MAMPLIES 
Some of t he  f ea tu res  of unnorinalized s igni f icance  ar i thmetic  a r e  
n i c e l y  brought out by attempting t o  inve r t  t he  notor iously poorly condi- 
t ioned  Hilber t  matrices of' various orders .  Table 1 shows a Is x 3 Hilbert  
10 
# o  -C 
000 -c 
B 0 
A = B + C  
000 
b 
A m B - C  
000 
C + O  
000 
0 
0 c + 9  
000 0.d 
o# 0 
c# 
d 
+ o  
or 
0.0 
B 
oeo 
~ 
B 
0 
C 
a 
c +  0 
000 
0 
# o  
or 
000 
B 
0.01 0 . 8  
0 k 
000 0 
A - B / C  
000 0 
#DIVIDE CHECK OM 
Mg. 1. The Results of Significance Arithmetic for Various Combina- 
t i ons  of Zero and Nonzero Arguments. 
and 0 denotes a true zero. 
0.0 denotes a significance zero 
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Table 1. Three-by-Three Hilber t  Matrix Example 
F A T R I X  n 
C.C9999999E 01 a . ~ o c o o o o n ~  00 C 3 3 3?3  33 3E-0 0 
e. 5CC0COCOE 00 C 3 33333  33E-00 0 .250CCCCtE-00  
c. 33333333~-C0 o m  ~ S C O O O C O E - o n  Q.2tCCCCCCE-00 
INVERSE CF A 
C. C C O 9 C O O O E  04 -0.003600COE 04 O.CC3tCCCIE 04 
-C. C C 3 6 C O O O E  04 0.0 I92COC I E 0 4  -0  .co I eOOOCE os 
@a C C 3 O C f l O O E  04 -0.01800001E 04 0 . C 1 8 C O C O I E  04 
C. CC009999E 04 -G.n0000000E 04 0 . G G O C C O C C E  0 4  
C . C C 0 0 C 0 0 1 E  03 o.onoioacoE 04 C . C C C C C C C C E  0 4  
-C.  CCOOCOOl E 03 -o.oocoaoco~ 04 0 .CCO ICOCCE 0 4  
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matrix, i t s  computed inverse (using a Gaussian elimination method), and 
the  product of the computed inverse times the  or ig ina l  matrix. Note t h a t  
t h e  elements of t h e  inverse matrix have l o s t  several  d i g i t s  of s ignif icance 
and t h a t  the  off-diagonal elements of the  product a r e  not a l l  zero as they 
should be. It i s  c l e a r  from t h e  significance ari thmetic,  however, t h a t  the 
off-diagonal elements of the  product have no significance t o  speak o f .  The 
4 x 4 case i s  shown i n  Table 2 .  
i n  the computed inverse.  
inverse have simple floating-point representation, the spurious d i g i t s  are 
easy t o  recognize. 
a l l  significance,  so tha t  we should expect t h e  worse f o r  the 5 x 5 case.  
Table 3 shows t h a t  t h i s  i s  about as far as we can go i n  single precis ion 
on the  709/94. 
About half  t h e  significance has been l o s t  
Because the  elements of the  correct  Hilber t  
The diagonal elements of the  product have l o s t  near ly  
Table 4 shows some elementary FORTRAN statements and a comparison of 
t h e  t r u e  value with the  values obtained by ordinary ar i thmetic  and s i g n i f -  
icance ari thmetic.  The f i rs t  resu l t ,  Rl, i s  t h e  example given i n  t h e  
abs t rac t .  The second i s  of i n t e r e s t  because ordinary ar i thmetic  y i e l d s  a 
small negative number instead of zero. 
can propagate in to  other r e s u l t s .  The t h i r d  r e s u l t  i s  a true zero.  R5 
i l l u s t r a t e s  the e f f e c t  o f  a t tempt ingtodiv ide  by t r u e  zero.  The eighth 
resu l t ,  R8, i s  contrived t o  show an extremely adverse case of s ignif icance 
ari thmetic,  where three  s i g n i f i c a n t  d i g i t s  are indicated but none a r e  
cor rec t .  
t o  binary, and combined with the  roundoff, t h e  sum picked up a spurious b i t  
once i n  about every f i v e  summations. One can see from t h i s  example t h a t  
significance ari thmetic i s  more r e l i a b l e  if only a few numbers e n t e r  i n t o  
the  r e s u l t .  The las t  r e s u l t ,  Rg, shows how t h e  e r r o r  i n  R8 propagates. 
R4 and R6 show how t h i s  f a l s e  zero 
In t h i s  case, "0.1" had a small conversion e r r o r  when converted 
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PRECAUTIONS 
It i s  possible that system MACRO'S such as an e x p l i c i t  o r  implied 
F'LQAT w i l l  f a i l  t o  operate properly because of t he  redefined f loa t ing -  
poin t  operations.  It i s  sa fe r  t o  switch the  s ignif icance ar i thmetic  off  
while performing a mode conversion, e t c . ,  as shown below: 
SWTCH # 0.0 
SWTCH# 1.0 
X #  1 
If SWTCH i s  not set and is  undefined, t he  FORTFAN-IV loader  w i l l  s t o r e  
an STR ins t ruc t ion  i n  i t s  location, and s ignif icance ar i thmetic  w i l l  
result. 
It i s  conceivable that one might want t o  perform norinal f l oa t ing -  
point  operations on unnormalized numbers and obtain normalized r e s u l t s .  
The present method of implementing s ignif icance ar i thmetic  w i l l  not allow 
t h i s  because a f loat ing-point  mult ipl icat ion of two unnormalized numbers 
may o r  may not give a normalized r e s u l t  and a f l o a t i n g  point  d iv is ion  of 
two unnormalized numbers w i l l  g ive the  wrong answer i f  t h e  d i v i s o r  has 
more leading zeros than t h e  dividend. For t h i s  reason care  should be taken 
not t o  attempt t o  perform these normal f loa t ing-poin t  operations on un- 
normalized numbers. One way of avoiding t h i s  d i f f i c u l t y  would be t o  
normalize t h e  operands before carrying out t h e  operat ions.  Instead of 
t e s t i n g  the  s ta tus  of t he  switch i n  t h e  MACRO, one could j u s t  t r a n s f e r  
t o  the  subroutine t h a t  c a r r i e s  out t he  a r i thmet ic .  Then i n  the  a r i thmet ic  
subroutine the  switch could be checked. 
desired,  t he  operation could proceed i n  t h e  same inanner as it does now, 
If s igni f icance  a r i thmet ic  were 
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but i f  normal ar i thmetic  were desired the  operands could be normalized and 
t h e  normal f loat ing-point  operation car r ied  out .  
f l oa t ing  divide MACRO might have t h e  fonn 
I n  such a scheme t h e  
FDP MACRf6 X,Y 
Nf6P X,Y REPLACES @RIGINAL FDP I N  THE TEXT Sjd 
THAT I F  X WERE ** CfiRREX!T ADDRESS 
wjdm HAVE BEEN s@m IN PR~~PER PLACE 
SXA *+2,4 PREPARF: F@R TRANSFER Tj6 RfiUTINE 
TSX SGDVP, 4 
R AXT **, 4 RESTflRE INDEX REGISTER 
The subroutine i t s e l f  might have t h e  form 
ENTRY 
S G D W  ST@ 
SXA 
CLA 
STA 
STT 
XEC 
ETETCH CLA 
CLA 
TNZ 
s@ 
C I A  
FAD 
CLA 
FAD 
FDP 
TRA 
STIb 
S G  
RTN AXT 
!mA 
SGDVP 
DVND 
RTN, 4 
FETCH 
FETCH 
-2,4 
2,4 
** 
DVSR 
SWTCH 
SG 
DVSR 
DVSR 
DVND 
DVSR 
RTN 
ZER@ 
zER@ 
*? 4 
2 4  
SC@M C@tTRI; SWTCH, DVND 
SWTCH BSS 1 
DVND HTR 0 
DVSR HTR 0 
ZER@ DEC 0.0 
ST@E RE- IN@RMATI@N 
PICKS UP N$P X,Y 
STaRE ADDRESS 
AND TAG 
REI@)TELY EXECUTES INSTRUCTIflN AT 
R Tf6 FU3STfbRE XR4 I N  CASE Y = 4 
CHECK THE SWITCH AND TRANSFER 
Tfi SG I F  SIGNIFICANCE ARITHMETIC 
DESIRED 
~~THERWISE, 
N@RMALIZE THE DIVIS@R 
T" N@FWALIZE THE DIVIDEND 
AND CARRY @UT THE D I V I S I f i N  
PEFL@RM THE 
SIGNIFICANCE ARITHMETIC 
DIVISI@N IN 
LABELED C@M@N B@CK SC@M 
SWTCH I N  LABELED C@MM@N 
Note t h a t  such an implementation has a disadvantage i n  t h a t  it requires  a 
t r a n s f e r  t o  a subroutine and the execution of severa l  ins t ruc t ions  t o  carry 
o u t  ordinary ar i thmetic .  This would increase the  running time considerably 
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if the  program used mostly ordinary ar i thmetic  performed on numbers t h a t  
would never have leading zeros.  But  it has an advantage i n  t h a t  it 
decreases t h e  number of ins t ruc t ions  i n  the  MACRO i t s e l f  and hence the  
number of ins t ruc t ions  t h a t  would replace each f loat ing-point  operation 
i n  the  main program. 
almost f i l l  up t h e  memory. 
This might be advantageous f o r  l a rge  programs which 
Since FORTRAN l i b r a r y  routines re turn  normalized r e su l t s ,  the  amount 
of s ignif icance w i l l  be l o s t  i f  they are  ca l led  with unnormalized arguments 
unless spec ia l  precautions a r e  taken. Goldstein* and Ashenhurst? d i scuss  
the  evaluation of FUNCTIONS which preserve s ignif icance.  One possible  
scheme t o  determine the  amount of s ignif icance i n  the  f’unction value cor- 
responding t o  an unnormalized argument i s  t o  evaluate  the  function a t  both 
ends of t he  s ignif icance in t e rva l  corresponding t o  the  argument. For 
example, i f  it were required t o  f ind  the  SIN of t he  number 0.00012%’1E+4, 
then the number 0.000123213+4 could be replaced by two numbers - 
0.00012321E+4 itself and the  number obtained by adding a binary one t o  the  
last  b i t  of i t .  The r e s u l t  would be the  s ignif icance i n t e r v a l  corre-  
sponding t o  0.000123213+4. 
these values, ge t t ing  a normalized r e s u l t  each time. 
icance t h a t  the  answer should have would be the  number of d i g i t s  t h a t  are 
iden t i ca l  i n  the  two resu l t s ,  and the  cor rec t  answer could be obtained by 
denormalizing one of them u n t i l  it had j u s t  t h i s  Inany s ign i f i can t  d i g i t s .  
Then the  SIN could be ca l led  f o r  both of 
The amount of s ign i f -  
CONCLUSIONS 
Unnonnalized f loat ing-point  s ignif icance a r i thmet ic  i s  easy t o  iinple- 
m n t  i n  FORTFW-IV; however, some precautions must be exercised by the  
Programmer. It i s  easy t o  extend t h e  method used t o  obta in  a Variety 
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of d i f f e ren t  types of arithmetic, as wel l  as s ignif icance a r i thmet ic .  We 
have found s ignif icance ari thmetic t o  be extremely valuable when running a 
new problem f o r  t he  f irst  t i m e  o r  when running the  problem t o  obtain f i n a l  
r e s u l t s  t o  be published. 
In  addition, there a r e  some instances where s ignif icance a r i thmet ic  
can be used rout inely t o  good advantage. A common problem i s  t e s t i n g  a 
f loat ing-point  number against  zero t o  branch i n  an algorithm. Testing 
against  zero i s  hazardous i n  ordinary ar i thmetic  because of t he  accumula- 
t i o n  of roundoff e r r o r s  and the  l o s s  of s ignif icance.  
ar i thmetic  provides a simple solut ion by ignoring the  b i t s  of lowest s ig -  
nificance,  as i n  
Eut s igni f icance  
IF (AND(CRIT,MASK) .EQ. 0 . 0 )  .... , 
with MASK defined by a DATA statement t o  be an o c t a l  constant which masks 
out  t he  last f e w  b i t s  of t h e  word. 
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APPENDIX 
Listing of ALTER DECK 
and 
SIGNIFICANCE Routines 
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- 
81 NARY CARD-1-00 S-IQA3002- 
00001 1611 01 3 00345 10001 SGADO STO 8 
00011 1 6 3 4  0 3  4 00343 I O O C l  S XA R T N t I  
_- - - - - - - 00032 3530 01- 4 77774 IO000 CLA -494 
00033 3 6 2 1  03 51 no006 I O O C I  STA FETCH 
_ _  00034 1625 03  9 00306 I O O C I  STT  FE T t  H 
00035 3522  !JJ I 003rJI I O O C O  XEC I t4 
00035 1510 03 0 00300 IO000 FETCH C L A  *. 
00007 3631 01 0 00346 I O O C l  s TO C 
OOOII 1130 03 0 00342 l O O C l  TZE USE: 
00013 IIIO 03’ o 0 0 x 3  i noc i  TZE TE STC 
O O O l C  3510 03 ‘J 00345 10001 CLA 8 
001315 b310 03 0 !IO346 10001 UFA C 
OOOl7 4130 03 0 30043 10001 TY z RTN 
00023 3510 03 0 _____  D O 3 4 - 6 ~ ~ ~ O O O J  - _ _  . CLA c 
00021 C320 03 0 00150 I O O C l  A Y A  #07770 00000000 
00022 3020 03 o 00343 io001 1 3  A R TN 
- -  00013 1510 01 0 c10345 10001 CLA 8 - 
_ _ _ _ _  ___. OO~OI2-.4-320~-01 0 -00147 10001 A Y A  -MA S K I  - . - - _ _  
. . 0001 - - __ 6 ~7-lO0_0_3_O 0011 I _ _  IO000 - _ _ _  F3N- - - 
- - - - - - - -- .- --- 
10001 TESTC CLA C 
00026 3130 01 0 00035 I O O O l  TZE BI GXP 
00027 3530 99 0 00346 IO001 CLA C 
00031 3760 0 1  3 00111 I O O C O  F3N 
00033 3510 03 0 00345 l D O O l  CLA 6 
00034 3320 01  0 00343  I O O C l  1 3  A S TN 
00035 4510 01 D 3014s i o o o i  BIGXP C ~ L  0 
- OCJO-3-6.--4430-03 0 00046 10001- SBH - C 
00037 61-20 DI- 3--!30342 I O O C l  TY 1 USEC --__ __ 00043 1510 03 3 00145 - l O O C l  USE8 C L A  -0 -. __ ___ . 
~ ~ ~ ~ ~ 0 ~ 0 0 3 ~ ~ ~ 3 ~ 1 ~ ~ 3 ~ ~ 0 ~ ~ 0 1 ~ 4 s ~  --I 0 0 0  - .uF-A--- 8 _ _  __ - - 
-- -_ - 00032 _ _  - - 4130 - - - C I J - D - W ~ ~ X  -. io.ooi w z  RT-Y ____-__ 
- - 
000al----lo26 0 1  3 30343 10001 1% A RTN 
00042 3530 03 0 00346 I O O O l  USEC CLA C 
00045 3030 03 9 10300 IOOCO R HTR 0 
00043 3771, 03 4 rJO000 I O O C O  R T Y  4 x 1  *4 94 
__-_ 000Ik_ _m20 03- 1, rJo301 tooco TP A I t 4  
BINARY CARD IO. SIQA3004 
00051 7 7 7 0 3 0 1 0 0 0 ~ 0  I 3 O C O  aLORG 
E YO oIl300 01 I I I 
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EYTRY SG SUB 
BINARY CARD ID. SIGSlO32 
00003 3631 01 9 00346 I O O C I  SGSUB STO 0 
00031 3 6 3 4 9 1  4 30344 I O O C I  S X A  RTN94 
- 
00032 1510 31 4 77774 I O O C O  C L A  -4.4 
00033 1621 01 3 or1106 m o a i  STA FE T: r( 
- 00031, 3625 01 0 00006 I O O C l  S T T  FETCH 
00015 3522 33 4 00301 I O O C O  XEC I 9 4  
00037 37511 01 3 00302 10000 CHS 
00013 1611 01 3 00347 I O O C l  s TO C 
00011 I510 '33 0 90146 10001 CLA B 
00012 1130 03 0 00143 1 3 O C l  TZE USE z 
00013 C320 01 0 00150 I O O C l  A Y A  MA SK I 
00036 IS10 33 0 00300 1 3 O C O  FETCH CL4 b 0  ___-___ ----- - 
. . _  00015 4310 01  0 00147 10001_ UF A C 
00022 4323 01 0 00351 I 3 O C I  - 
00017 1750 01 9 90111 I O O C O  F3N 
00023 4130_03 0 00344 I O O C l  TYL R I N  
00021 IS10 01 0-39347 10001 C L A  C 
- .- 
A Y A  YO 777000000000 
BINA-RY- CARD IO. S ICSIOO3 
0002-3 3020 01 0 00344 10001 T R A  RTN 
0002s 3 1  30-03 o o o h  I I O O C I  TLE USE8 
. - _- 00021, 3530 01  0 00147 l ' 3 O C I  TESTC C L A  C 
DO025 b 3 2 0  03 rJ 90150 I0001 A Y A  H A S K I  
Ob027 1130 03 0 go336 I ' O O C I  TLE B I G X P  
.- 00031- 3510 01 !I 30347 ID001 C L A  C 
- 00032 3750 03 90311 I O O C O  F 3N 
00031 N330-03 0 110346 111001 UF A B 
00.033 4110 01 0 -00344 I O O C l  TYZ R TN 
00034 1513 01  0 00346 I I ) O C I  C L A  B 
7 0 m l O l  9 !nx4 lnoc l  T1A R TN 
00035 N510 01 3 30146 10001 BIGKP C4L 0 
C 00037 4410 oi o 00347 i o o c i  SBM 
00043 b 1 2 0  01 3 00143 IgOOI TY I 1JSEt 
0004l IS30 03 0 Oc1346 I f l O C l  U S E 6  C L A  B 
-.- 
- 
OOO1,S 3020 01 4 30301 10000 TR A 
B I N A R Y  C A R 0  ID. SIGS3034 
00051 IO3777777777 l O O C f l  M A S < I  3CT OO0777777777 
o m t o  ni  I I I E YO 
30051 777093303010 IO000 ~ L O R G  
. 
' .  
b 
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S I CMPY 
A S S E M B L E D  T E X T  
E V T R Y  SGMP Y 
B I N A R Y  C A R D  I D .  SIGM3032 
c10032 
00033 
OODg4 
00015 
0001 3 
0001 I 
0001 2 
0001 3 
3621 03 9 30c105 
3625 83 3 Cl03n5 
3522 93 4 30001 
I530 01 0 003r30 
m o o 1  S TA I N S T  
l 0 O C l  S T T  I Y S T  
I0000 XEC I 9 4  
I Q O O O  I Y S T  C L A  .e 
1floo1 S TO os10 
3610 01 D 3!l170 l O O C 1  S T L  F L A S  
1530  03 D 30165 I D O O l  C L A  0 STO 
3130 01 0 00135 I O O C l  T Z E  B L A P  
b320 03 0 90171 I O O C l  4Y4 MASK I 
_ _ _ _  I ooc ___-_ I __ - __. - s TO -.-_vs_TD--- 
00017 I430 01 0 10373 10001 A DO ONE 
00023 3612 03 0 00165 I O O C l  SL w O S T O  
00021 3631 03 D !IO170 I Q O Q I  s TO FL4S 
00022 1510 03 0 00364 I O O C I  T E S T Y  C L A  - YSTO 
B I N A R Y  C A R D  ID. SIGM3003 
00023 3130 03 0 00134 
00024 4320-01 0 OCl371 
00025 4110 03 0 00335 
00023 4510 0 3  D 0036C- 
00027 3412 01 0 00374 
00031 3410 03 fl 30173 
00031 3632 02 0 30364 
00032 3611 01 1 10170 
00033 3320 31 9 '3fl935 
I O O @ l  TZE B L A P -  I 
I OO@ I 4 V A  MA SK I 
10001 TYZ B L A P  
I O O C l  c 4L Y S T O  
I O O C I  SUB ONE X 
m o m  A DO ON E 
10001 SLW YSTI) 
IO001 STO F L A S  
I a00 I TaA B L A P  
--e 
._  OOc135 3 30303 3 3 0 3 6 5  13001 P Z E  Q S T 3  
00037 3 30301 D 00167 I O O C I  P ZE 040 
- . _  00043 1374 03 4 333r10 i o 0 1 1  TSX NRMZT,I) 
00041 3 30003 0 3il361, I O Q C l  P ZE Y S T 3  
001J44 3250 01 3 70364 I C I O C I  F Y P  YSTO 
00045 3750 3 3  3 3 q l I l  ICl0Cfl F I V  
B I N A R Y  C A R D  ID .  SIGM303b 
S TO 
TSX 
P Z E  
P L E  
P ZE 
C L A  
T Z E  
c 4L 
4 V A  
Y S T O  
D Y O S M 9 4  
Y S T 3  
QUO 
Yh(0 
FLAS 
4 Y S  
YSTO 
MA S K 2  
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S I GMPY 
ASSEMRLEO TEXT.  
90065 3'330 03 3 Or3300 IgoCfl YNO HTR 0 
00067 l ! I l O  03 0 '3flOf30 10000 ON0 HTR 0 
00071 IC110 01 0 rJOO00 I O O C f l  F L 4 C  HTR 0 
00073 3319303000!31 . InOCg O Y E  O C T  000000000001 
0007C ID1030000000 l 0 O C O  O Y E Y  9 2 1  001 000000000 
30100 01 I I I  E YO 
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S I G D V P  
ASSEMBLED T E X T  0 
E Y T R Y  SSDVP 
B I N A R Y  CARD ID. SIGD3002 
00032 I530 33 4 7 7 7 7 4  113000 CLA -4.4 
00093 3621 01 3 00306 I C I O C l  STA I N S T  
0003U 3 6 2 5  01 '3 903r36 10001 S T f  I N S T  
00035 3522 01 4 'JOOr31 IDUtU XEC l e 4  
00011 3510 01 9 3r3363 I O O O l  CLA DVN3 
000l2 1110 03 3 10335 I U O C l  TZE BLAP 
00013 4320 01 0 00[370 I O O C l  A Y A  MASKI  
O O O l b  1432 03 D 30173 100Cl SUB ONE X 
00017 141Q 03 3 00372 I O O C l  ADD ONE 
00023 3612 03 3-110163 lr3001 SL w DVND 
00021 I611 03 '3 Of3367 10001 SfO F L A S  
00022 1530 03 3 0 0 3 6 4  I O O C l  TESI'lu_CLA D V S 3  
00023 I130 03 0 90134 10001 TZE B L A P - I  
00024 ~ 2 0  03 -!I 00170 i o o c i  4 Y A  M4 SK I 
00025 U130 01 3 '30135 I O O C I  * TYL BLAP 
BINARY CARD 10. S I G D 3 0 0 3  
00023 4510 01 000364 10001 I__-- c 4L E!%- 
00027 3 t 3 2  03 3 00373 10001 sua ONE x 
00031 Y433 U3 0 OD172 I O O C l  ADO OWE 
30031 I632 01 3 33364 l O O C l  SLW ovs1  
00032 I631 01 3 90167 IOOCl S TO F L A S  
00033 3 3 2 0  03 9 00335 10001 11 4 BLAP 
. -  00033 1 30303 0 0 0 3 6 3  117001 
00037 3 10303 'I c111365 l O O C l  
00041 3074 03 4 331PO l ~ O 1 1  
OOOLI 1 30001 3 313354 13001 
B I N A R Y  C A R D  I D .  5 IGD3034 
P ZE OVNO 
P ZE DVNYO 
T S X  Y 3 M Z T . 4  
P L E  D V S 1  
P.zE ._- . - DVSYO 
CLA D V N i  
FDP DVSP 
S TQ D V S T  
T S X  
P Z E  
PZf 
P Z E  
C LA 
TZE 
c 4L 
4 V A  
4 DO 
ONOSMeL) 
3vs3 
3VNY0 
DVSNO 
F L A S  
Ah( s 
D V S 3  
M4 SK2 
ONE x 
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--. --.. ---- - 
0005 7 
00061 
0006 I 
00062 
0006 3 
5 I G O V P  
ASSEMBLED T E X T .  
DO065 
00067 
00071 
.__--_ -. --siodi . - - - .. - 
3632  03 D 130164 SL w 
3550 93 '3 30161 I O O C l  Ah(S LDQ 
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